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The dimension of a graph
The Euclidean dimension of a graph
a b s t r a c t
Some graphs admit drawings in the Euclidean plane (k-space) in such a (natural) way,
that edges are represented as line segments of unit length. We say that they have the unit
distance property.
The influence of graph operations on the unit distance property is discussed. It is proved
that the Cartesian product preserves the unit distance property in the Euclidean plane,
while graph union, join, tensor product, strong product, lexicographic product and corona
do not. It is proved that the Cartesian product preserves the unit distance property also in
higher dimensions.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Erdös, Harary and Tutte, see for instance [4], promoted a natural geometrical definition of a graph representation, where
graphs are embedded in the Euclidean k-space (usually in the Euclidean plane) in such a way, that edges are represented as
line segments of unit length. This definition of a graph representation differs from thedefinition of a graph embedding,where
edge crossings are not allowed. For another definition of a graph representation, see [16]. A graph that can be represented
in the Euclidean plane in such a way, that vertices are represented as distinct points and edges as line segments of length
one, is called a unit distance graph, and it will be formally defined in Section 2.
In the same paper, authors defined the dimension of a graph G (denoted as dim(G)) as the smallest integer k, such that G
can be embedded into the Euclidean k-spacewith every edge of G having length 1. They presented the following observation
about the Cartesian product of unit distance graphs,
Observation 1 (Erdös, Harary, Tutte). Let G be a graph. The dimension of the Cartesian product
dim(GK2) =
{dim(G), dim(G) ≥ 2,
dim(G)+ 1, dim(G) = 1,
dim(G)+ 1, dim(G) = 0.
While researching the dimension of unit distance graphs, some authors redefined the definition of the dimension of
a graph by taking that non-adjacent vertices should be mapped to points which are not unit distance away. This newer
definition is also known as the Euclidean dimension of a graph. To avoid any confusion, both are formally defined in Section 2,
and some relationships between the dimension of a graph and the Euclidean dimension of a graph are studied.
In Section 3 we obtain the dimension of the Cartesian product of graphs of general dimensions; thereby, generalizing a
result published in [4].
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Later, Buckley and Harary, see [1], continuedwith thework on the corona product of unit distance graphs and foretell the
research on the properties of unit distance graph products. In Section 4we consider the dimensions of other graph products.
2. Unit distance representations
A mapping f : V (G) → V (H) from a graph G into a graph H is called a graph morphism or a graph homomorphism, if f
maps vertices of G into vertices of H , such that u ∼ v ∈ E(G) implies f (u) ∼ f (v) ∈ E(H) (f preserves adjacencies). Each
graph morphism f : V (G)→ V (H) induces a unique mapping (denoted by the same letter) f : E(G)→ E(H), such that for
e = u ∼ v, f (e) = f (u) ∼ f (v). A homomorphism that is bijective both on V (G) and E(G), is called a graph isomorphism (see
e.g. [8]).
Define a representation ρ := (ρV , ρE) of a graph G in a setM as a map ρV from V (G) intoM and a map ρE from E(G) into
2M , such that if v is an end-vertex of an edge e = u ∼ v, then ρV (v) ∈ ρE(e) (and ρV (u) ∈ ρE(e)) [7]. If the converse is true,
that is, that for v ∈ V (G) and e ∈ E(G), if ρV (v) ∈ ρE(e) is true, then v is an end-vertex of e = u ∼ v, the representation
is called a realization. If there is no danger of confusion we drop the subscripts and denote both mappings ρV and ρE by ρ.
Observe, that the intersection ρ(e) ∩ ρ(`) of realizations of non-adjacent edges e, ` ∈ E(G) can be non-empty, but cannot
contain a realization of any vertex of G. Thus, representations of edges of G may cross, which is different from the usual
embedding case. Another trivial observation is, that a representation of a graph on two vertices is always a realization. If the
mapping ρ is not injective on V (G) it is called degenerate.
In this paperwe consider only representations in the Euclidean k-space, i.e. (Euclidean) representations that haveM = Rk,
and where an edge e = u ∼ v is always represented by the line segment between the representations of its end-vertices.
We will mainly consider representations in the Euclidean plane, which will be called planar, see [7].
A representation is called an immersion if representations of any two edges share only a finite number of points. In an
Euclidean immersion two edges share at most one point.
Theorem 2.1. An Euclidean realization of a graph is always an immersion.
Proof. Let ρ be an Euclidean representation that is not an immersion. Thus, there exist e1, e2 ∈ E(G), e1 6= e2, e1 = u1 ∼
v1, e2 = u2 ∼ v2, such that |ρ(e1) ∩ ρ(e2)| is not finite. Let us prove that ρ is not a realization.
Let i, j ∈ {1, 2} and i 6= j. Since ρ is Euclidean, ρ(ei) = conv({ρ(ui), ρ(vi)}) and the intersection ρ(e1) ∩ ρ(e2) =
conv({ρ(u1), ρ(v1)}) ∩ conv({ρ(u2), ρ(v2)}). Thus, at least one of the end-vertices ui, vi of the edge ei must be contained
inside the representation of the other edge ej and not among representations of end-vertices of ej. Letw denote one of those
vertices. Hence, ρ(w) ∈ ρ(ej)without being an end-vertex of ej, and ρ is not a realization. 
Lemma 2.2. An Euclidean representation of a connected graph on at least three vertices, that is degenerate on a path of
length 2 but not on a path of length 1, is not an immersion.
Proof. Let ρ be an Euclidean representation of a connected graph G on at least three vertices. Let H = u ∼ w ∼ v be a
path of length 2 in G, and let ρ be degenerate on H and not degenerate on either u ∼ w or w ∼ v. Then ρ(u) = ρ(v), and
ρ(u ∼ w) = ρ(v ∼ w). 
Theorem 2.3. Each Euclidean realization of a connected graph on at least three vertices is non-degenerate.
Proof. Let ρ be an Euclidean degenerate representation of a connected graph G on at least three vertices. Let us prove that it
is not a realization. Since ρ is degenerate, there must be at least two distinct vertices u and v, such that ρ(u) = ρ(v). Since
G has at least three vertices and is connected, u is an end-vertex of an edge u ∼ w withw 6= v (in the worst case one has to
reverse the role of u and v). Hence ρ(v) ∈ ρ(u ∼ w)without being an end-vertex of u ∼ w. 
What remains, is to characterize non-degenerate representations that are not realizations. Clearly, they have the property
that a representation of a vertex lies in the interior of a representation of an edge. Degeneracies in which a representation
of a vertex lies in the interior of a representation of an edge are sometimes called non-simplicial or heavily degenerate
representations, and are not considered in this paper. Examples of such heavily degenerate representations are shown in
Fig. 1. There are even cases, where non-simplicial representations are not immersions.
A representation is called a unit distance representation if each edge is represented as a line segment of length one. A graph
is called a unit distance graph if it has a unit distance planar realization. Unlike planar graphs, edges of unit distance graphs
are allowed to cross. Observe, that both representations of the cycle graph on six vertices C6 in Fig. 1 are planar unit distance
representations, while the representation of the complete graph on four vertices K4 in Fig. 2(a), and the representation of
the complete bipartite graph K2,3 in Fig. 2(b), are not. For example, the well known Petersen graph G(5, 2) is a unit distance
graph with exactly 18 different degenerate unit distance representations, see [9].
If G is composed of the connected components G1,G2, . . . ,Gs, then G admits a unit distance representation in Rk if and
only if each component Gi, 1 ≤ i ≤ s, admits a unit distance representation in Rk. Thus we may restrict our attention to
connected graphs. By definition, loops are not valid unit distance Euclidean edge representations, and there exists only one
line segment of length 1 between two points in the Euclidean space. Therefore, we may also restrict our attention to simple
graphs.
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Fig. 1. Examples of heavily degenerate representations of the cycle on six vertices C6 that are not realizations.
Fig. 2. (a) The complete graph K4 . (b) The complete bipartite graph K2,3 .
Theorem 2.4. Let G and H be graphs, let f : G→ H be a graph homomorphism, and let k ∈ N. Any unit distance representation
of H in Rk (if it exists) can be extended to a (possibly degenerate) unit distance representation of G in Rk.
Proof. Letρ be a unit distance representation ofH inRk, and let u ∼ v ∈ E(G).Wehave to find a unit distance representation
η of G in Rk, such that η(u) ∈ η(u ∼ v). Since u ∼ v ∈ E(G) and f : G → H is a homomorphism, f (u), f (v) ∈ V (H) and
f (u) ∼ f (v) ∈ E(H). Hence, by definition ρ(f (u)) ∈ ρ(f (u) ∼ f (v)), and the compositum η := ρ ◦ f is a unit distance
representation of G in Rk. 
Consequently, all subgraphs of a graph with a unit distance realization in Rk are graphs with a unit distance realization
in Rk, and unit distance is a hereditary property of a graph, see [6]. Hence, if a graph G contains a subgraph H which is not a
unit distance graph, G too is not a unit distance graph.
The following lemma is straight-forward, and its proof is omitted.
Lemma 2.5. Let G be a graph, u ∼ w ∼ v a path of length 2in G, ρ a unit distance planar representation of G, and let ρ(u) and





1, (ρ(u)− ρ(v))2 = 4,
2, (ρ(u)− ρ(v))2 < 4.
Theorem 2.6. If a graph G contains K4 or K2,3 as a subgraph, then G is not a unit distance graph.
Again, the proof (see e.g. [4]) is straight-forward, and it will be left out.
Let us look at a well known family of graphs. Given a finite set of non-overlapping circles in the plane, call this circles
coins. Construct a graph by considering every coin as a vertex, and declaring that two vertices are adjacent if and only if
the coins touch. If a graph can be constructed in this way, then it is called a coin graph [7]. It is known, see [11], that every
planar graph is a coin graph. If all the coins have the same size the coin graph is called a penny graph. A penny graph is a unit
distance graph, but the opposite is not true.
LetW7 be the wheel graph on seven vertices, let r be one of its spokes (a spoke is an edge that connects the hub vertex
with one of the vertices on the cycle) and defineW ∗7 := W7 − r . The graphW ∗7 is a unit distance graph, and can be seen in
Fig. 3. On the other hand,W ∗7 is not a penny graph, since there is the spoke r missing, even though coins in end-vertices of
r are touching. Thus, not all unit distance graphs are penny graphs.
Erdös et al., see [4], defined the dimension of a graph G, denoted as dim(G), as the minimum integer k needed that G has a
unit distance realization inRk. Other authors (e.g. [1,14,15]) defined an Euclidean embedding to be a unit distance realization
that maps non-adjacent vertices to points with distances other than 1. The smallest integer k needed that a given graph G
has an Euclidean embedding in Rk is called the Euclidean dimension of G, see for example [13], and is, as usual, denoted as
e(G).







Fig. 3. A planar unit distance realization of the graphW ∗7 = W7 − FG.
As any Euclidean embedding is a realization, it follows that for a given graph G, dim(G) ≤ e(G). For example, the equality
holds for cycles. As it will be shown in the proof of the Lemma 2.7, there exists a unit distance graph with the Euclidean
dimension 3.
Lemma 2.7. The existence of an Euclidean embedding is not a hereditary property.
Proof. Again, defineW ∗7 := W7 − r , whereW7 is the wheel graph on seven vertices and r one of its spokes. The graphW ∗7
is a unit distance graph, thus it has planar unit distance realization. Write r := (r1, r2), r1, r2 ∈ V (W7). There is exactly one
way to embedW ∗7 in the Euclidean plane with all edges of unit length. Denote it ρ. It can easily be seen, that the Euclidean
distance d(ρ(r1), ρ(r2)) = 1. We need another dimension to satisfy the requirement that ρ maps non-adjacent vertices to
points with distances other than 1. Hence, the Euclidean dimension of the graphW ∗7 is 3 and e(W
∗
7 ) = 3 > dim(W ∗7 ) = 2.
Even thoughW ∗7 is a subgraph of the wheel graphW7, it has greater Euclidean dimension thanW7. 
On the other hand, if H is an induced subgraph of a graph G then e(H) ≤ e(G), and the Euclidean dimension is a
nondecreasing invariant.
Any graphmay be embedded as a set of points in a sufficiently high dimension, see [15]. In the same paper it was shown,
that the dimension necessary to embed a graph, such that non-adjacent vertices are at distances other than 1, may be
bounded by twice its maximum degree. In [1] it was shown, that the Euclidean dimension of the complete bipartite graph
K(m, n) = 4 form, n ≥ 2. On the other hand, in [15] it was shown, that for any n, there is a bipartite graphwith the Euclidean
dimension n.
The chromatic number of the (Euclidean) plane χ(R2) is defined to be the minimum number of colors that can be used
to color the points of R2, in such a way, that no two points at distance 1 are colored with the same color. It is known that
4 ≤ χ(R2) ≤ 7, see [3,5]. Since 7 colors suffice to color the unit distance graph of the Euclidean plane, every graph with
chromatic number greater than 7 is not a unit distance graph.
3. The Cartesian product
Let us now discuss how graph operations affect the unit distance property.
The Cartesian product KH of graphs K and H is the graph with vertex set V (KH) = V (K) × V (H) and edge set
E(KH) = {(a, b) ∼ (c, d) | (a = c ∧ b ∼ d ∈ E(H)) ∨ (a ∼ c ∈ E(K) ∧ b = d)}. The operation  is commutative, and
the graphs KH and HK are isomorphic. Define Kx and Hx to be induced subgraphs of the product graph KH on vertex
set {(k, x) | k ∈ K} and {(x, h) | h ∈ H}, respectively.
Proposition 3.1. Let K be a graph with a unit distance realization in Rk. Let H be a graph with a unit distance realization in Rh.
The Cartesian product KH has a unit distance realization in Rk+h.
Proof. Let α, β be unit distance realizations in Rk, Rh of K , H , respectively. Thus, α : V (K)→ Rk, α : E(K)→ {z | z ∈ Rk},
β : V (H) → Rh and β : E(H) → {z | z ∈ Rh}. Let a, c ∈ V (K), b, d ∈ V (H), e ∈ E(K), ` ∈ E(H), and let α(a) =
(a1, a2, . . . , ak) and β(b) = (b1, b2, . . . , bh).
Let (x, y) ∈ V (KH), (o, p) ∼ (r, s) ∈ E(KH), α(x) = (x1, x2, . . . , xk) and β(y) = (y1, y2, . . . , yh). Define ρ to be a
mapping that maps the graph KH in Rk+h, such that
ρ((x, y)) = (x1, x2, . . . , xk, y1, y2, . . . , yh),
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Fig. 4. Unit distance planar realizations of the graph K3K3 with one degree of freedom. If black vertices lie on the fixed (grounded) edge, the white (free)
vertex can be moved on the circle, and positions of grey vertices are determined by the angle between the white vertex and the grounded edge.
and
ρ((o, p) ∼ (r, s)) =
{{(o1, . . . , ok, z1, . . . , zh) | (z1, . . . , zh) ∈ β(p ∼ s)}, o = r
{(z1, . . . , zk, p1, . . . , ph) | (z1, . . . , zk) ∈ α(o ∼ r)}, p = s,
where α(o) = (o1, . . . , ok) and β(p) = (p1, . . . , ph).
Let (u, v) ∈ V (KH) and f := (a, b) ∼ (c, d) ∈ E(KH). To be able to prove that ρ is a graph representation, we must
show that from (u, v) ∈ f it follows that ρ((u, v)) ∈ ρ(f ). Without loss of generality, we may assume, that (u, v) = (a, b),
hence ρ((u, v)) = ρ((a, b)) = (a1, . . . , ak, b1, . . . , bh).
Assume that a = c and b ∼ d ∈ E(H). Then
ρ((a, b) ∼ (c, d)) = ρ((a, b) ∼ (a, d))
= {(a1, . . . , ak, z1, . . . , zh) | (z1, . . . , zh) ∈ β(b ∼ d)}.
Since β is a representation of the graph H , from b ∈ ` it follows that β(b) ∈ β(`). Hence β(b) ∈ β(b ∼ d) and ρ((a, b))
∈ ρ((a, b) ∼ (a, d)). Similarly, for b = d and a ∼ c ∈ E(K), we can prove that ρ((a, b)) ∈ ρ((a, b) ∼ (c, b)). Therefore, the
mapping ρ is a representation of the Cartesian product KH in Rk+h.
As α and β are unit distance representations, all edges of the Cartesian product KH are of length 1 and ρ is a unit
distance representation of KH .
What remains, is to prove that from ρ((u, v)) ∈ ρ(f ) it follows that (u, v) ∈ f . Recall that by definition ρ((u, v)) =
(u1, u2, . . . , uk, v1, v2, . . . , vh). We may assume that a = c and b ∼ d ∈ E(H). Then
ρ((a, b) ∼ (c, d)) = ρ((a, b) ∼ (a, d))
= {(a1, . . . , ak, z1, . . . , zh) | (z1, . . . , zh) ∈ β(b ∼ d)}.
As ρ((u, v)) ∈ ρ((a, b) ∼ (c, d)), ui = ai, ∀i ∈ {1, 2, . . . , k} and (v1, v2, . . . , vh) ∈ β(b ∼ d). Let ` ∈ E(H) and b ∈ V (H).
Since β is a realization of the graph H , b ∈ `⇔ β(b) ∈ β(`). Hence v ∈ b ∼ d, and (u, v) = (a, b) or (u, v) = (a, d). Again,
similarly, for b = d and a ∼ c ∈ E(K), we can prove that (u, v) = (a, b) or (u, v) = (c, b). Therefore, the mapping ρ is a
realization of the Cartesian product KH in Rk+h. 
Corollary 3.2. Let K , H be graphs. Then
dim(KH) ≤ dim(K)+ dim(H).
Using Proposition 3.1, we can easily show the following corollary.
Corollary 3.3. Let K and H be unit distance graphs. The Cartesian product KH has a unit distance realization in R4.
The upper bound for the dimension of the Cartesian product of finite (or countable) graphs can sometimes be improved,
as can be seen in Fig. 4 and in [17].
Theorem 3.4. Let k ∈ N and k > 1. Let K and H be (finite or countable) graphs that are unit distance realizable in Rk. The
Cartesian product KH has a unit distance realization in Rk.
Proof. At first, we define a mapping ρ := ρ(φ1, φ2, . . . , φ( k
2
)) that embeds KH in the Euclidean space Rk. Then, we prove
that ρ is always a representation of KH , no matter how we choose the values of the parameters φ1, φ2, . . . , φ( k
2
). Next,
we prove that we can always choose angles φ1, φ2, . . . , φ( k
2
) in such a way that ρ is a realization of the graph KH . Finally,
we show that ρ is a unit distance realization.
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A Givens rotation matrix G(i, j, φ) is the identity matrixM with substitutionsMi i = cos(φ),Mj j = cos(φ),Mi j = sin(φ),
Mj i = − sin(φ), thus
G(i, j, φ) =



















0 · · · 0 · · · 0 · · · 1

.
Let Ex be a vector in Rk. The product G(i, j, φ) · Ex represents a clockwise rotation of the vector Ex in the (i, j) plane by a






rotations. Another well known property of a rotation matrix is that the inverse R−1 of a rotation matrix R is its transpose RT ,
thus RTR = I .
Let α, β be unit distance realizations in Rk of K , H , respectively. Denote Ew := (w1, . . . , wk) ∈ Rk. Let V (K) =
{k1, k2, . . . , kn}, V (H) = {h1, h2, . . . , hm}, let R := R(φ1, φ2, . . . , φ( k
2
)) be a rotation matrix of size k × k, fix angular
parameters Eφ =: (φ1, φ2, . . . , φ( k
2
)), denote
Ξ1(x, y, z, Eφ) = { Ew − α(k1)+ R(β(y)− β(h1)) | Ew ∈ α(x ∼ z)},
Ξ2(x, y, z, Eφ) = {R( Ew − β(h1))+ α(x)− α(k1) | Ew ∈ β(y ∼ z)},
and define
ρ((u, v)) := α(u)− α(k1)+ R(β(v)− β(h1))
and
ρ((o, p) ∼ (r, s)) :=
{
Ξ1(o, p, r, Eφ), o ∼ r ∈ E(K) ∧ p = s,
Ξ2(o, p, s, Eφ), o = r ∧ p ∼ s ∈ E(H).
where u, o, r ∈ V (K) and v, p, s ∈ V (H).
The mapping ρ maps vertices of the graph KH to points in Rk and edges of KH to line segments. Let us prove that ρ
is a realization.
First, let us prove that ρ is a representation. Let (a, b) ∼ (c, d) ∈ E(KH). We need to prove that ρ((a, b)) ∈ ρ((a, b) ∼
(c, d)) and ρ((c, d)) ∈ ρ((a, b) ∼ (c, d)). Let us, at first, prove that ρ((a, b)) ∈ ρ((a, b) ∼ (c, d)).
At first, assume that a = c , b ∼ d ∈ E(H) and write
ρ((a, b)) = α(a)− α(k1)+ R(β(b)− β(h1))
ρ((a, b) ∼ (a, d)) = {R( Ew − β(h1))+ α(a)− α(k1) | Ew ∈ β(b ∼ d)}.
We are trying to show that ρ((a, b)) ∈ ρ((a, b) ∼ (a, d)). Since β is a realization of the graph H , b ∈ b ∼ d implies that
β(b) ∈ β(b ∼ d). Hence β(b) ∈ { Ew | Ew ∈ β(b ∼ d)} and R(β(b)) ∈ {R( Ew) | Ew ∈ β(b ∼ d)}. Thus,
α(a)− α(k1)+ R(β(b)− β(h1)) ∈ Ξ2(a, b, d, Eφ),
and
ρ((a, b)) ∈ ρ((a, b) ∼ (a, d)).
When b = d and a ∼ c ∈ E(K) we can use the similar argument, in order to prove ρ((a, b)) ∈ ρ((a, b) ∼ (c, b)). Hence
ρ((a, b)) ∈ ρ((a, b) ∼ (c, d)).
Similarly, we prove that ρ((c, d)) ∈ ρ((a, b) ∼ (c, d)), thus ρ is a representation of the graph KH .
Let (u, v) ∈ V (KH) and (o, p) ∼ (r, s) ∈ E(KH). To prove that ρ is a realization, we must show that there exists
angles Eφ, such that, from ρ((u, v)) ∈ ρ((o, p) ∼ (r, s)), it follows that u = o, v = p or u = r, v = s.
1 Assume that o = r , p ∼ s ∈ E(H) and write
ρ((u, v)) = α(u)− α(k1)+ R(β(v)− β(h1))
ρ((o, p) ∼ (o, s)) = {R( Ew − β(h1))+ α(o)− α(k1) | Ew ∈ β(p ∼ s)}.
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We are trying to show that we can find angles φ`, 1 ≤ ` ≤ k(k−1)2 , such that from ρ((u, v)) ∈ ρ((o, p) ∼ (o, s)), it follows
that u = o, v = p or u = o, v = s, thus
ρ((u, v)) ∈ ρ((o, p) ∼ (o, s)),
α(u)− α(k1)+ R(β(v)− β(h1)) ∈ Ξ2(o, p, s, φ),
α(u)+ Rβ(v)− α(o) ∈ {R Ew | Ew ∈ β(p ∼ s)},
α(u)− α(o) ∈ {R( Ew − β(v)) | Ew ∈ β(p ∼ s)},
RT (α(u)− α(o)) ∈ {RTR( Ew − β(v)) | Ew ∈ β(p ∼ s)},
RT (α(u)− α(o)) ∈ { Ew − β(v) | Ew ∈ β(p ∼ s)}.
(a) Assume that u = o and continue
RT (α(o)− α(o)) ∈ { Ew − β(v) | Ew ∈ β(p ∼ s)},
E0 ∈ { Ew − β(v) | Ew ∈ β(p ∼ s)},
β(v) ∈ β(p ∼ s).
Since β is a realization of the graph H , β(v) ∈ β(p ∼ s) implies that v = p or v = s.
(b) Assume that u 6= o. The image of the vertex (u, v) lies inside the rotated representation of the edge p ∼ s of
the graph Hx. Let x, y ∈ V (H) and x 6= y. The representation ρ maps two edges (k1, x) ∼ (k2, x) ∈ E(Kx) and
(k1, y) ∼ (k2, y) ∈ E(Ky) into two parallel line segments. Hence, representations of Kx and Ky are also parallel.
Likewise, representations of Hx and Hy are parallel.
The left side of the inclusion
RT (α(u)− α(o)) ∈ { Ew − β(v) | Ew ∈ β(p ∼ s)}
is a point on the hypersphere centered in the origin E0, while the right one is a line segment of length 1 in Rk. A line can
intersect a hypersphere in at most two points, thus there are at most two degenerate cases, in which the above inclusion
holds.
Generally, each vertex of the product graph KH can lie on every edge of every copy of the graphH but (the original) one.
There are |V (K)|−1 copiesHx of the graphH and every copy has E(H) edges. Thus, there are at most 2|E(H)|(|V (K)|−1)
different values for φ, which provide degenerate situations for some vertex of the product graph. The product graph has
|V (K)||V (H)| vertices; therefore, there are 2|V (K)||V (H)||E(H)|(|V (K)| − 1) degenerate situations, which is finitely (or
countable infinitely) many. But we can choose among infinitely many values for angles Eφ, thus we can easily take Eφ to
yield a non-degenerate representation, hence a realization.
2 Assume now that p = s, o ∼ r ∈ E(K) and write
ρ((u, v)) = α(u)− α(k1)+ R(β(v)− β(h1))
ρ((o, p) ∼ (r, p)) = { Ew − α(k1)+ R(β(p)− β(h1)) | Ew ∈ α(o ∼ r)}.
Weare trying to show thatwe can find angles Eφ, such that fromρ((u, v)) ∈ ρ((o, p) ∼ (r, p)), it follows thatu = o, v = p
or u = r, v = p, thus
ρ((u, v)) ∈ ρ((o, p) ∼ (r, p)),
α(u)− α(k1)+ R(β(v)− β(h1)) ∈ Ξ1(o, p, r, φ),
α(u)+ Rβ(v) ∈ { Ew + Rβ(p) | Ew ∈ α(o ∼ r)},
R(β(v)− β(p)) ∈ { Ew − α(u) | Ew ∈ α(o ∼ r)}.
(a) Assume that v = p and continue
R(β(v)− β(p)) ∈ { Ew − α(u) | Ew ∈ α(o ∼ r)},
R(β(p)− β(p)) ∈ { Ew − α(u) | Ew ∈ α(o ∼ r)},
E0 ∈ { Ew − α(u) | Ew ∈ α(o ∼ r)},
α(u) ∈ α(o ∼ r).
Since α is a realization of the graph H , α(u) ∈ α(o ∼ r) implies that u = o or u = r .
(b) Assume now that v 6= p. The image of the vertex (u, v) lies inside the representation of the edge (o, x) ∼ (r, x) of the
copy Kx of the graph K . With analogous argument as in previous case, there are at most two points in the intersection
of a hypersphere and a line. Thus, there are at most 2|V (K)||V (H)||E(K)|(|V (H)| − 1) different values for Eφ, which
provide degenerate situations; which is again finitely (or countable infinitely) many.
All together, there are at most
2|V (K)||V (H)|
(
|E(K)|(|V (H)| − 1)+ |E(H)|(|V (K)| − 1)
)
different values for Eφ, which provide degenerate situations. Since we can choose among infinitely many values for angles
Eφ, we can easily take Eφ to yield a non-degenerate representation, hence a realization.
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Since the rotation R around the point E0 and translations for α(k1) and β(h1) are isometries, all representations of the
edges of the Cartesian product KH are of length 1. 
Corollary 3.5. Let K and H be (finite or countable) unit distance graphs. The Cartesian product KH is a unit distance graph.
On the other hand, the Cartesian product of graphs with unit distance realizations in R is not necessary unit distance
realizable in R.
Theorem 3.6. Let K and H be (finite or countable) graphs, each with at least one edge, that have a unit distance realization in R.
The Cartesian product KH is a unit distance graph, and is not unit distance realizable in R.
Proof. By Proposition 3.1, graph KH is a unit distance graph. Note, that if K and H are connected, they are paths.
Let us show that the Cartesian product of two edges is not unit distance realizable in R. Let e = a ∼ b and ` = i ∼ j be
two edges. Every isometric projection fromR2 inRmaps the vertex (a, j) (or the vertex (b, j)) of the copy of the edge e into an
end-vertex (b, i) (or (a, i), similarly) of the original edge e. Thus, the projection onR is degenerate and not a realization. 
But what if k 6= h, can we improve the dimension of the Euclidean space of the Cartesian product obtained in
Proposition 3.1? We can easily prove observations that were made (and not proven) in [4,17].
Corollary 3.7. Let K be a (finite or countable) unit distance graph. The Cartesian product KP2 is a unit distance graph.
Proof. The path P2 has a unit distance realization in R, thus it is a unit distance graph. 
Theorem 3.8. Let K be a (finite or countable) graph with a unit distance realization in Rk, and let H be a (finite or countable)
graph with a unit distance realization in Rh. Let max(k, h) > 1. The Cartesian product KH has a unit distance realization in
Rmax(k,h).
Proof. Define M := max(k, h) > 1. Both K and H have unit distance realizations in RM , thus the Cartesian product KH
has a unit distance realization in RM . 
Let K ,H be connected graphs, and let dim(K) = 0. Then K has no edges, K is one vertex graph, and the Cartesian product
equals KH = H .
Corollary 3.9. Let K , H be connected (finite or countable) graphs. Then
dim(KH) =
{max(dim(K), dim(H)), max(dim(K), dim(H)) > 1,
dim(K)+ 1, dim(K) = dim(H) = 1,
dim(H), dim(K) = 0.
Proposition 3.10. Let k ∈ N ∪ {0}. Let KH be the Cartesian product of (finite or countable) graphs K and H, such that KH is
unit distance realizable in Rk. Then graphs K and H are unit distance realizable in Rk.
Proof. Since unit distance is a hereditary property, both Kx and Hx are unit distance realizable in Rk. Given that Kx is
isomorphic to K , K is unit distance realizable in Rk. Similar argument holds for Hx and H . 
All subgraphs of a unit distance graph are unit distance graphs, thus the converse of the Theorem 3.4 is also true.
Corollary 3.11. Let k ∈ N and k > 1. Let KH be the Cartesian product of (finite or countable) graphs K and H. The graph KH
has a unit distance realization in Rk if and only if both graphs K and H are unit distance realizable in Rk.
Consequently, several classes of graphs are unit distance graphs.
• Since grid graphs can be obtained as the Cartesian product of two paths Gm,n = PmPn, they are unit distance graphs.
• The web graph Wn,r is a graph consisting of r concentric copies of the cycle graph Cn, with corresponding vertices
connected by ‘‘spokes’’, e.g. Wn,1 is the same graph as Cn, and Wn,2 is a prism. Since web graph Wn,r = CnPr , it is a
unit distance graph.
• It is well known, see [4], that n-cube, Qn = Qn−1K2, Q1 = K2, is a unit distance graph.
• A pair H(v) := (H, v), where H is a graph and v ∈ V (H) one of its nodes, is called a rooted graph. The rooted product
K◦H(v) of a graphK and a rooted graphH(v) is defined as follows: take |V (K)| copies ofH(v), and for every vertex ui ∈ V (K)
identify ui with the root node vi of the ith copy ofH(v). In such away defined rooted product is a subgraph of the Cartesian
product of the same two graphs, and hence preserves the unit distance property.
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4. Other graph products
On the other hand, most graphs cannot be constructed with the Cartesian product. Thus, it makes sense to observe other
graph constructions. Unfortunately, graph constructions: graph join, graph union, tensor, strong, lexicographic and corona
product (see [10]) in general do not preserve the unit distance property.
The union K ∪ H of graphs K and H is the graph with vertex set V (K) ∪ V (H) and edge set E(K) ∪ E(H). The disjoint
union of two graphs K and H , denoted K ∪˜ H , is the graph obtained by taking the union of K and H on disjoint vertex sets,
V (K) and V (H). Let G = K4− e be the complete graph on four vertices missing an edge. Since both e and G are unit distance
graphs, but G ∪ e = K4 is not, graph union does not preserve the unit distance property. On the other hand, it is easy to see
that the disjoint graph union preserves the unit distance property. The proof of the next theorem is straight-forward and it
will be left out.
Theorem 4.1. Let K , H be graphs. Then
dim(K ∪˜ H) = max(dim(K), dim(H)).
Let Pi be the path graph on i vertices, Cj the cycle graph on j > 2 vertices and Kk the complete graph on k vertices. The
join of two simple graphs K and H , written K + H is the graph obtained by taking the disjoint union of K and H and adding
all edges joining V (K) and V (H). It is well known that the wheel graphWn on n vertices is the graph join of the complete
graph K1 and the cycle graph Cn,Wn = K1 + Cn. Since the only wheel graph that is a unit distance graph isW7, and since all
other wheel graphs are unit distance realizable in R3, see [1], graph join does not preserve the unit distance property.
Let the tensor product (×), the strong product () and the lexicographic product (◦) be defined as in [10]. It can be easily
shown that P3 × C4 contains K2,3 as a subgraph, hence the tensor product does not preserve the unit distance property.
Since K4 is a subgraph of both the strong and the lexicographic product of two (non-trivial) connected graphs, they do not
preserve the unit distance property, too.
Given two graphs K with vertices 1, . . . , n and H , the corona K ∨ H is defined as the graph obtained by taking one copy
of K and n copies of H , and for each i, 1 ≤ i ≤ n, inserting edges between the ith vertex of K and each vertex of the ith copy
of H . It can be seen from the following proposition that the corona product does not preserve the unit distance property.
Proposition 4.2. Let G,H be finite or countable (non-trivial) simple connected graphs. Let G be a unit distance graph. Then the
corona G ∨ H is a unit distance graph if and only if H ∈ {P1, P2, P3, P4, P5, P6, C6}.
Proof. Observe that K1∨Cn where n 6= 6 and K1∨Pm, wherem ≥ 7 are not (non-degenerate) unit distance graphs. If a graph
H contains a vertex of degree greater than 2, then the corona K1 ∨ H contains K2,3. Therefore, H is the cycle on 6 vertices or
a path of length smaller than 7. Thus, if H 6∈ {P1, P2, P3, P4, P5, P6, C6}, G∨H is not a unit distance graph. On the other hand,
using the similar argument as in Theorem 3.4, it can be easily shown that G ∨ H , where H 6∈ {P1, P2, P3, P4, P5, P6, C6}, is a
unit distance graph. 
5. Concluding remarks
In the paper we presented that the Cartesian product preserves the unit distance property of a graph. It would be
interesting to show similar results for the Euclidean dimension of the Cartesian product of graphs with unit distance
realizations in some Euclidean spaces. It is well known, see for instance [10], that the recognition of Cartesian product
graphs is easy. Thus, it is a challenge to find a fast algorithm for embedding a graph, which is the Cartesian product of unit
distance graphs, in some Euclidean space, if the factors of the Cartesian product are not known. And finally, it would be
interesting to investigate under which conditions other graph products preserve the unit distance property.
Note added in proof. An important but hard to find Reference [12] that solves one of themain problems from our paper, was
brought to our attention in the preprint [2].
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